Abstract. We define a group BrR(G) containing, in a sense, the graded complex and orthogonal Brauer groups of a locally compact groupoid G equipped with an involution. When the involution is trivial, we show that the new group naturally provides a generalization of DonovanKaroubi's graded orthogonal Brauer group GBrO. More generally, it is shown to be a direct summand of the well-known graded complex Brauer goup. In addition, we prove that BrR(G) identifies with a direct sum of a Real cohomology group and the abelian group ExtR(G, S 1 ) of
Introduction
The idea of working with Z 2 -graded real C * -algebras [18] as if they were complex ones first emerged in Kasparov's founding paper [16] of bivariant K-theory. The trick merely consists of "complexifying" a given graded real C * -algebra; that is, considering the complex C * -algebra A C := A ⊗ R C together with the induced Z 2 -grading. The latter admits the obvious conjugatelinear involution a ⊗ R λ −→ a ⊗ Rλ . Conversely, it is not hard to check that any Z 2 -graded complex C * -algebra B admitting a conjugate linear involution σ is necessarily the complexification of a graded real C * -algebra B R , which identifies with the fixed points of σ. It follows that "complexification" defines an equivalence from the category of Z 2 -graded real C * -algebras to the category of Z 2 -graded C * -algebras endowed with conjugate-linear involutions (also called Real involution or Real structure [16] ). The inverse functor is "realification"; that is, taking the fixed point set of the involution. In fact, working with the complexified algebra instead of the original real one is useful especially when it comes to discuss functional calculus. However, that equivalence of categories no longer holds when the C * -algebras are acted upon by topological groupoids (or even groups [16, §1] ) endowed with Real structures [23] . By an action of a Real groupoid (G, ρ) on a Z 2 -graded C * -algebra A endowed with a Real involution σ we mean an action α = (α g ) g∈G of G by * -automorphisms on A [17] such that for all g ∈ G, a ∈ A s(g) , α ρ(g) (σ(a)) = σ(α g (a)), and α g : A s(g) −→ A r(g) is an isomorphism of Z 2 -graded C * -algebras. The reason of such a failure is that an action of G on A R does not extends to an action of (G, ρ) on A satisfying the condition mentioned above, unless the involution ρ is trivial.
In the present paper, we are dealing with stable continuous-trace Z 2 -graded C * -algebras A [20, 27] endowed with Real involution acted upon by a Real groupoid (G, ρ). Forgetting the involutions, it is known that [17, 30] giving such C * -algebras is equivalent to giving Z 2 -graded Dixmier-Douady bundles A over G; that is, a Z 2 -graded elementary C * -bundle A −→ G (0) satisfying Fell's condition, together with a family of Z 2 -graded * -isomorphisms α g : A s(g) −→ A r(g) such that α gh = α g α h whenever the product makes sense and α −1 g = α g −1 . The graded Brauer group Br(G) [30] of G is defined from Morita equivalence classes of such bundles, or equivalently from stable continuous-trace Z 2 -graded C * -algebras endowed with an action by G. If G is a transformation groupoid X ⋊ G, where G is a locally compact group action on X, then Br(G) = Br G (X) is nothing but the equivariant analogue of Parker's [20] , and the graded analogue of Crocker-Kumjian-Raeburn-Williams [6] . It is shown in [30] that if G is locally compact second-countable and has a Haar system, then
Note that Br generalizes Donovan-Karoubi's GBrU [8] and Parker's GBr ∞ . Roughly speaking, a graded Dixmier-Douady bundle A ∈ Br(G) is of parity 0 (resp. of parity 1) if it has typical fiber K(Ĥ) (resp. K(H) ⊕ K(H)), whereĤ (resp. H) is a graded complex separable Hilbert space (resp. is a complex separable Hilbert space) [30] . Noticing that K(H) ⊕ K(H) ∼ = K(H)⊗Cl 1 , the isomorphism above implies that if the base space of G is connected, then Br(G) is a Z 2 -graded group.
Instead of simply generalizing Donovan-Karoubi's graded orthogonal Brauer group GBrO to groupoids, we are going further. More precisely, we discuss a new group BrR, which allows us to study graded complex and real Dixmier-Douady bundles simultaneously. We start with a locally compact Hausdorff second-countable Real groupoid (G, ρ) with a Haar system [23, §2] , and define BrR(G) as the set of Morita equivalence classes of Real graded Dixmier-Douady bundles over (G, ρ); i.e., graded Dixmier-Douady bundles A endowed with Real structures satisfying some relevent relations. We shall note that we introduced in [25] a group BrR * (G) which actually is the subgroup of BrR(G) consisting of Real graded Dixmier-Douady bundles (that we called B-fields) that locally look like a graded elementary complex C * -algebraK endowed with a Real involution. We have shown that such bundles are, up to Morita equivalence, of eight types. Thus, for Real groupoid G with connect base space, BrR * (G) is a Z 8 -graded group. Roughly speaking, BrR * (G) is the subgroup of elements of constant types in BrR(G). In the present paper, we discuss both geometric (in terms of groupoid extensions) and cohomological interpretations of BrR(G). We show that when the Real structure of G is trivial, BrR(G) is a generalization of Donovan-Karoubi's graded orthogonal Brauer group. For fixed point free involutions, we show that BrR is a direct summand of Br. Our interest in the cohomological classification of Real graded Dixmier-Douady bundles is motivated by the study of twisted KR-theory we present in [24] .
General plan. In Appendix A, we classify all Real structures on graded elementary complex C * -algebras. In Section 1, we give general notions of Real graded Banach bundles on a Real space. In Section 2, we define Real graded Dixmier-Douady bundles over a locally compact Real groupoid. In Section 3, we define the group BrR(G) for locally compact second-countable Hausdorff Real groupoid G and present some of its properties. In Section 4, we investigate connections between BrR and the already known Brauer groups of topological groupois and spaces, mainly with complex and real Brauer groups. In Section 5, we introduce a group InvK that is crucial in the cohomological interpretation of BrR(G). In Section 6, we discuss the notion pof generalized classifying morphism for Real graded Dixmier-Douady bundles, and then we exhibit their construction in Section 7. In Section 8, we prove the first intermediate isomorphism theorem establishing an isomorphism between the subgroup BrR 0 (G) generated by elements of "type 0" and the group of isomorphism classes "stable" generalized classifying morphisms. Section 9 is devoted to the case of a locally compact Real group. In Section 10, we prove the mains isomorphism theorems of the paper. In Section 11, we discuss the case of "ungraded" Real Dixmier-Douady bundles, from which we obtain the Real analog of [17] .
Real fields of graded Banach bundles
Recall that a Real groupoid is a groupoid G / / / / X endowed with an involution ρ : G −→ G.
We refer to [23] for details about Real groupoids and their cohomology theory.
Recall also from Appendix A that a Rg (Real graded) C * -algebra is a Z 2 -graded complex C * -algebra A = A 0 ⊕ A 1 endowed with a conjugate-linear * -automorphism σ : A −→ A such that σ 2 = 1 and σ(A i ) = A i , i = 0, 1. Definition 1.1 (Compare [9] ). Let (X, τ ) be a locally compact Hausdorff Real space. A continuous (resp. upper semi-continuous) Real field of graded Banach spaces A over X consists of a family (A x ) x∈X of graded Banach spaces together with a topology onÃ = x∈X A x and an involution σ :Ã −→Ã such that :
(i) the topology on A x induced from that onÃ is the norm-topology; (ii) the projection p :Ã −→ X is Real, continuous, and open; (iii) the map a −→ a is continuous (u.s.c) fromÃ to R + , and σ(a) = a , ∀a ∈ A.
(iv) the map (a, b) −→ a + b is continuous fromÃ × XÃ toÃ; (v) the scalar multiplication (λ, a) −→ λa is continuous from C ×Ã toÃ; (vi) the induced bijection σ x : A x −→ A τ (x) is an anti-linear isomorphism of graded Banach spaces for every x ∈ X, i.e. the diagram
commutes, where the horizontal arrows are the action of C on the fibres and the vertical ones are the Real involutions (C being endowed with the complex conjugation), and σ • ǫ x = ǫ τ (x)
• σ x . (vii) if {a i } is a net inÃ such that a i → 0 and p(a i ) → x ∈ X, then a i → 0 x , where 0 x is the zero element in A x .
We also say that (A, σ) is a Real graded Banach bundle (resp. u.s.c. bundle) over (X, τ ).
Definition 1.2.
A Rg Hilbert bundle (resp. u.s.c. bundle) over (X, τ ) is a Real graded Banach bundle (resp. u.s.c. bundle) (A, σ) over (X, τ ) each fibre A x is a graded Hilbert space with such that the fibrewise scalar products verify σ x (ξ), σ x (η) = ξ, η for every ξ, η ∈ A x . Definition 1.3. A Rg C * -bundle (resp. u.s.c. C * -bundle) over (X, τ ) is a Rg Banach bundle (resp. u.s.c. Banach bundle) (A, σ) such that each fibre is a graded C * -algebra satisfying the following axioms
Homomorphism of Rg u.s.c. Banach bundles and of u.s.c. C * -bundles are defined in an obvious way.
Example 1.4 (Trivial bundles). If (A,
) is any Rg Banach algebra (resp. C * -algebra), then the first projection pr 1 : (X ×A, τ × − ) −→ (X, τ ) defines a Rg Banach bundle (resp. C * -bundle) with fibre A. A Real graded Banach bundle (resp. C * -bundle) of this form is called trivial. Definition 1.5. A u.s.c. field of graded Banach spacesÃ −→ X (without Real structure) is said to be locally trivial if for every x ∈ X, there exists a neighborhood U ∋ x such thatÃ |U is isomorphic (under a graded isomorphism) to a trivial field U × B, where B is a graded Banach space.
Similarly, we talk about locally trivial field of graded Banach algebras, graded Hilbert algebras, and graded C * -algebras.
Unless otherwise stated, all of the graded Banach bundles and C * -bundles we are dealing with are assumed locally trivial.
We shall however point out that the above notion of local triviality is not sufficient in the category of Real bundles. Roughly speaking, suppose (X, τ ) is a Real space and (A, σ) −→ (X, τ ) is a u.s.c. Real field of graded Banach spaces which is locally trivial in the sense of Definition 1.5. Then it is not true that there exists a Rg Banach space A such that the Real space A locally behaves like A in the sense that there would exists, for all x ∈ X, an open Real neighborhood U of x (i.e. τ (U ) = U ) and and a Real homeomorphism h : p −1 (U ) −→ U × A; or equivalently, there would exists a Real open cover {U i } of X and a trivialization h i :
where as usual we have written "bar" for the Real structure of A. Definition 1.6. A Rg Banach bundle (resp. C * -bundle, Hilbert bundle, etc.) A −→ X is LTCR (locally trivial in the category of Real spaces) if there exists a Rg Banach space (resp. C * -algebra, Hilbert space, etc.) A and a Real local trivialization (U i , h i ) i∈I such that the diagram (2) commutes. Example 1.7. Let A be a simple separable stably finite unital C * -algebra that is not the complexification of any real C * -algebra [21, Corollary 4.1]. Define a continuous Real field of (trivially) graded C * -algebrasÃ over the Real space S 0,1 = {+1, −1} by setting
where A is the complex conjugate of A, together with the Real structure σ :Ã −→Ã given by the conjugate linear * -isomorphism ♭ : A −→ A (the identity map). Then A is not LTCR since A ≇ A. Definition 1.8. An even (resp. odd) elementary graded C * -bundle A over X is a locally trivial field of graded C * -algebrasÃ −→ X such that every fibre A x is isomorphic to K(Ĥ x ) (resp. K(H x ) ⊕ K(H x )), whereĤ x (resp. H x ) is a graded Hilbert space (resp. is a Hilbert space). Definition 1.9 (Pull-backs). If (A, σ) is a Rg C * -bundle over (X, ρ) and ϕ : (Y, ̺) −→ (X, ρ) is a continuous Real map, then the pull-back of (A, σ) along ϕ is the Rg C * -bundle (ϕ * A, ϕ * σ) −→ (Y, ̺), where ϕ * A := Y × ϕ,Y,p A, and ϕ * σ(y, a) := (̺(x), σ(a)), ∀(y, a) ∈ ϕ * A. Each fibre (ϕ * A) y can be identified with A ϕ(y) and then inherits the grading of the latter. Remark 1.10. For any Rg Banach (resp. C * -) bundle (A, σ) −→ (X, ρ), C 0 (X, A) is a Rg Banach (resp. C * -) algebra with respect to the obvious pointwise operations and norm s := sup x∈X s(x) ; the grading and the Real structure are given by ǫ(s)(x) := ǫ x (s(x)) and σ(s)(x) := σ ρ(x) (s(ρ(x))). It is straightforward that σ x • σ ρ(x) = Id A ρ(x) , σ ρ(x) • σ x = Id Ax . In particular, for a Real point x ∈ X, A x is a Rg Banach (resp. C * -) algebra.
Note that if p : (A, σ) −→ (X, ρ) is a Rg C * -bundle, then C 0 (X) acts by multiplication on C 0 (X, A). Moreover, this action is Real and graded. Indeed, for f ∈ C 0 (x) and s ∈ C 0 (X, A),
If (A, σ) is a Rg Banach bundle over (X, ρ), then a continuous function s : X −→ A such that p • s = Id X is called a section of A. Note that if s is a section of A, then for any x ∈ X, s(ρ(x)) and σ(s(x)) are in the same fibre A ρ(x) . We say that s is Real if s(ρ(x)) = σ(s(x)). The collection of sections s for which x −→ s(x) is in C 0 (X) is denoted by C 0 (X, A). Definition 1.11. A Rg Banach bundle p : A −→ X has enough sections if given any x ∈ X and any a ∈ A x , there is a continuous section s ∈ C 0 (X, A) such that s(x) = a.
Actually the following result ensures that all our Rg Banach bundles have enough sections (see [9, Appendix C] for a detailed proof). Theorem 1.12 (Douady -dal Soglio-Hérault). Any Banach bundle over a paracompact or locally compact space has enough sections. Corollary 1.13. Suppose (X, ρ) is a locally compact Hausdorff Real space. Then, if p : (A, σ) −→ (X, ρ) is a Rg Banach bundle, Real sections always exist.
Proof. Let x ∈ X, a ∈ A x ; then by Theorem 1.12 there exists s ∈ C 0 (X, A) such that s(x) = a. Since for every x ∈ X, s(x) and σ ρ(x) (s(ρ(x))) belong to the Banach algebra A x , the map s := 1 2 (s + σ(s)) is a well-defined section in C 0 (X, A) which verifies σ(s) =s. Definition 1.14 (Elementary Rg C * -bundle). A Rg C * -bundle (A, σ) −→ (X, ρ) is called elementary if each fibre A x is isomorphic to a graded elementary C * -algebra. Definition 1.15. We say that a Rg elementary C * -bundle p : (A, σ) −→ (X, ρ) satisfies Fell's condition if (and only if) (C 0 (X, A), σ) is continuous-trace.
Note that if (A, σ) −→ (X, ρ) is a Rg elementary C * -bundle, the spectrum of (A, σ) is naturally identified with (X, ρ).
In the sequel, we will write A for C 0 (X, A) and if ϕ : (Y, ̺) −→ (X, ρ) is a continuous Real map, we write ϕ * A for C 0 (Y, ϕ * A). Definition 1.16. Suppose that p A : (A, σ A ) −→ (X, ρ) and p B : (A, σ B ) −→ (X, ρ) are Rg C * -bundles. Then a Rg Banach bundle q : (E, σ A ) −→ (X, ρ) is called a Rg A-B-imprimitivity bimodule if each fibre E x is a graded A x -B x -imprimitivity bimodule such that (a) the natural maps (A× X E,
If such a Rg A-B-imprimitivity bimodule exists, we say that (A, σ A ) and (B, σ B ) are Morita equivalent.
Let (A, σ A ) and (B, σ B ) be elementary Rg C * -bundles over (X, ρ). Then, there is a unique elementary Rg C * -bundle A⊗B over X × X with fibre A x⊗ B y over (x, y) and such that (x, y) −→ f (x)⊗g(y) is a section for all f ∈ A = C 0 (X, A) and g ∈ B = C 0 (X, B). The Real structure is given by (σ A ) x⊗ (σ B ) y over (x, y). By this construction, the elementary Rg C * -bundle (A⊗B, σ A⊗ σ B ) satisfies Fell's condition if (A, σ A ) and (B, σ B ) do, as does its restriction (A⊗ X B, σ A⊗X σ B ) to the diagonal ∆ = {(x, x) ∈ X × X}. Definition 1.17. Let (A, σ A ) and (B, σ B ) be Rg elementary C * -bundles over (X, ρ). Then, their tensor product is defined to be the Rg elementary C * -bundle (A⊗ X B, σ A⊗X σ B ) over the Real space (X, ρ) which is identified with the diagonal (∆, ρ) of (X × X, ρ × ρ).
Rg Dixmier-Douady bundles
Definition 2.1. Let G / / / / X be a second countable locally compact Hausdorff Real groupoid.
Let p : A −→ X be a locally trivial Rg u.s.c. Banach bundle. A G-action by isomorphisms α on A is a collection (α g ) g∈G of graded isomorphisms (resp. * -isomorphisms) α g :
Example 2.5. Let µ = {µ x } x∈X be a Real Haar system on G / / / / X . Let the graded Hilbert spaceĤ = l 2 (N) ⊕ l 2 (N) be equipped with a fixed Real structure of type J R,0 (see Appendix A). For x ∈ X, we put H p,x := L 2 (G x )⊗Ĥ, together with the scalar product · , · (x) given by
LetĤ G := x∈XĤ x be equipped with the action g·(s(g), ϕ⊗ξ) := (r(g), (ϕ•g −1 )⊗ξ) ∈ H r(g) . Define the Real structure on H G by (x, ϕ⊗ξ) −→ (τ (x), τ (ϕ)⊗J R,0 (ξ)). Then one shows that there exists a unique topology onĤ G such that the canonical projection H G −→ G (0) defines a locally trivial Rg Hilbert G-bundle. Now, let K x := K( H x ) be equipped with the operator norm topology, and put
together with the Real structure given by (x, T ) := (x,T ), whereT ∈ Kx is defined byT (ϕ⊗ξ) := T (τ (ϕ)⊗Ad J R ,0 (ξ)) for any ϕ⊗ξ ∈ Hx. Next, define the Real G-action θ on K G by
.
We then have a Rg D-D bundle ( K G , θ) over G given by the canonical projection
/ / Y be Real groupoids and let
for r(g) = z. It is obviously a Real space with respect to the involution (z, a) := (z,ā). Next, define A Z to be the quotient space s * A/G together with the induced Real structure
where we use the notation [z, a] for the orbit of (z, a) in A Z . Consider the continuous surjective map r • pr 1 :
, where, as usual, pr 1 denotes the first projection. Since r(zg) = r(z) for (z, g) ∈ Z × s,X,r G (see for instance [23 
is a bijection.
We close this section by recalling a construction we will use in the sequel. 
The group BrR(G)
In this section we define the Brauer group of a locally compact second-countable Hausdorff Real groupoid G / / / / X with a Real Haar system (see [23] ).
Definition 3.1. Let G / / / / X be second-countable locally compact Hausdorff Real groupoid.
Two element (A, α) and (B, β) of BrR(G) are Morita equivalent if there is a Rg A-B-imprimitivity bimodule X −→ X which admits a Real G-action V by isomorphisms such that
for all g ∈ G, and ξ, η ∈ X s(g) . In this case we write (A, α) ∼ (X,V ) (B, β). Proof. The proof can almost be copied from that of Lemma 3.2 in [17] . Example 3.5. Let G consist of the point { * } together with the trivial involution. Then, every Rg DD-bundle over { * } is trivial; i.e. it is given by a Rg elementary C * -algebra K p . We thus recover the Real graded Brauer group of the point BrR( * ) ∼ = Z 8 described in A.4.
Let (A, α) and (B, β) be Rg DD-bundles. We have already defined the tensor product A⊗ X B which is a Rg C * -bundle over X. We want to equip this tensor product with a Real G-action α⊗β such that (A⊗ X B, α⊗β) ∈ BrR(G). We define α⊗β as follows. For all g ∈ G, we put
. Note that from the definition of a Real G-action on a Rg C * -bundle, α g⊗ β g is a graded * -isomorphism that clearly verifies conditions (b) and (c) of Definition 2.1. Therefore, the same arguments used in [17, p.18] can be used here to show that α⊗β is continuous; thus, its restriction α⊗β on the closed subset A⊗ X B of A⊗B defines a Real G-action. Furthermore, it can be shown that this operation is Morita equivalence preserving ( [17, p.19] ). Proposition 3.6. Let G / / / / X be a locally compact Real groupoid such that X is paracompact. Then BrR(G) is an abelian group with respect to the operations
The identity of BrR(G) is given by the class 0 :
Proof. See Proposition 3.6 and Theorem 3.7 in [17] .
For the sake of simplicity we will often use the following notations. Notations 3.7. We will write A for the class [A, α] in BrR(G); we will also leave out the actions when we are working in the group BrR(G): for instance we will write A + B instead of
Proof. Recall that the Real G-action θ is given by Ad Θ , where Θ is the Real G-action on the Rg Hilbert G-bundleĤ G −→ X (see Example 2.5); i.e. θ g (T ) = Θ g T Θ −1 g . The Rg Banach G-bundle (A⊗ XÂ , α⊗Θ) is easily checked to be a Morita equivalence
in BrR(G) with respect to the pointwise actions and inner-products operations:
∂T ·∂b ab⊙T ξ, and
(b⊙ξ) · c := bc⊙ξ, and
/ / X be a locally compact Hausdorff Real groupoid with paracompact base space, and let (A, α) ∈ BrR(G). Then A = 0 in BrR(G) if and only if there exists a Rg
Proof. If (X, V ) is a Morita equivalence between (A, α) and the trivial bundle X × C, then each fibre X x is a graded Hilbert space; and since X x is a full graded Hilbert A x -module and since X is a Real Morita equivalence, there is an isomorphism of graded C * -algebras ϕ x : A x −→ K(X x ) such that ϕ x ( Ax ξ, η ) = T ξ,η , for all ξ, η ∈ X x , and ϕx(a) = ϕ x (ā) for all a ∈ A x . Moreover, in view of relations (6), we have
for every γ ∈ G and ξ, η ∈ A s(g) . It follows that the family (ϕ x ) x∈X is an isomorphism of Real
Conversely, using the same operations as in the proof of Lemma 3.8, the Rg Hilbert G-bundle (Ĥ , U ) defines a Morita equivalence of Rg D-D bundles between (K(Ĥ ), Ad U ) and the trivial one X × C −→ X. 
Complex and orthogonal Brauer groups
The purpose of this section is to compare the group BrR(G) of a Real groupoid G / / / / X we defined in the previous section with the well-known graded complex and Brauer group Br(G) of the groupoid G (see [20] , [8] , [30] , and [10] ), as well as with a generalization of Donovan-Karoubi's graded orthogonal Brauer group BrO(X) [8] mentioned in the introduction. Recall [30] that the graded complex Brauer group Br(G) is defined as the set of Morita equivalence classes of graded complex D-D bundles 1 over the groupoid G. Moreover, there is an interpretation of Br(G) in terms ofČech cohomology classes; more precisely, there is an isomorphism
For topological spaces, this group was denoted by GBr ∞ (X) in Parker's paper [20] .
In order to define twisted K-theory, Donovan and Karoubi defined in their founding paper [8] two groups GBrU(X) and GBrO(X) respectively called the graded unitary Brauer group and the graded orthogonal Brauer group of the sapce X. The former is just the finite-dimensional version of GBr ∞ (X), while the latter is the set of equivalence classes of graded real simple algebra bundles. They proved that
We will define an infinite-dimensional analog of GBrO(X) for groupoids, and show later an isomorphism analogous to (9).
Proposition 4.1. Suppose that G / / / / X is a Real groupoid which can be written as the disjoint union of two locally compact groupoids
Proof. Observe first that τ induces an isomorphism
where A 1 −→ X 1 and A 2 −→ X 2 are graded complex elementary C * -bundles. It is straightforward that the graded action α of A induces a
However, since the projection p : A → X 1 ⊔ X 2 intertwines the Real structure of A and that of X, we havē a 1 ∈ A 2 andā 2 ∈ A 1 for all a 1 ∈ A 1 , a 2 ∈ A 2 . Indeed, over all x ∈ X 1 , the involution induces the conjugate linear isomorphism
It turns out that the Real structure of A induces an isomorphism of graded complex D-D bundles
Note that the same is true for every Rg Banach bundle over G. Define the map
and that the involution induces an isomorphism of graded complex D-D bundles
It is clear that Φ 12 and Φ ′ 12 are inverse of each other. / / / / X × S 0,1 be equipped with the Real structure / / / / S 0,1 identifies with {pt} × {±1}. Thus from Corollary 4.2 we get
(a) the operation g · a := α g (a) makes A into a G-space with respect to the projection p; We will use the same notations in Br(G) and BrO(G) as in Notations 3.7. Theorem 4.6. Let G / / / / X be a locally compact Hausdorff Real groupoid with X paracompact.
(1) If the Real structure τ is fixed point free, then we have an isomorphism
where G/ τ is the groupoid G/ τ / / / / X/ τ obtained from G / / / / X by identifying every point g ∈ G with its image by τ . (2) It τ is trivial, then every element A ∈ BrR(G) is a 2-torsion; i.e.
2A = 0.
Furthermore, BrR(G) ∼ = BrO(G). In particular, BrO(G) is an abelian group under the obvious operations, zero element being given by the trivial bundle X × R −→ X with the G-action g · (s(g), t) := (r(g), t).
We shall mention that roperty 2 was already proved by D. Saltman in the special case of Azumaya algebras with involution (see [28, Theorem 4 
.4 (a)]). Our result extends this to infinitedimensional Real bundles of algebras.
To prove Theorem 4.6 we need the Lemma 4.7. Let (G, τ ) be a locally compact Hausdorff Real groupoid with paracompact base space. Then the assignment (A, α) −→ (τ * A, τ * α) defines an involution on the group
such that the Real part Br(G) τ is isomorphic to BrR(G) after tensoring with Q; more precisely,
2 Here "real" with a lowercase "r" is to emphasize that the fibers of A are R-C * -algebras.
Proof. Thatτ is a group homomorphism follows from the functorial property of the abelian Br(G) ( [17] ). Now let
be the map consisting of "forgetting the Real structures", and let
That Φ C is a well-defined group homomorphism is clear.
To prove that Φ R is well defined, we shall first verify that (A⊗ X τ * A, α⊗τ * α) ∈ BrR(G) for all (A, α) ∈ Br(G). Let σ = (σ x ) x be the family of conjugate-linear isomorphisms of graded complex C * -algebras σ x : A x⊗ Ax −→ Ax⊗A x given on homogeneous tensors by
Then σ is a Real structure on the bundle A⊗ X τ * A −→ X, and it is a matter of simple verifications to see that conditions (a)-(c) in Definition 2.1 are satisfied when (A⊗ X τ * A, α⊗τ * α) is equipped with the involution σ.
. By using the same reasoning as the one we used above for graded complex D-D bundle, one verifies that the graded complex Banach G-bundle (X⊗ X τ * X, V⊗τ * V ) admits a Real structure σ X making it into a Rg Banach G-bundle.
Note that this bundle implements a Morita equivalence (A⊗
for every x ∈ X, ξ, ξ ′ , η, η ′ ∈ X x , then we see that the inner products A⊗ X τ * A ·, · and ·, · B⊗ X τ * B of X⊗ X τ * X intertwine the Real structures; hence we have a Morita equivalence
in BrR(G), so that Φ R is well defined. Φ R is a group homomorphism since Br(G) is an abelian group and sinceτ is linear; i.e. for every A, B ∈ Br(G),
(A +τ (A)) + (B +τ (B)) = (A + B) +τ (A + B).
Let us verify that up to inverting 2, Φ ′ R and Φ C are inverse of each other, where Φ ′ R is the restriction of Φ R on the fixed points Br(G) R ofτ . First observe that if (A, α) ∈ BrR(G), then the Real structure of A induces an isomorphism (A, Proof of Theorem 4.6. 1. It suffices to show that the imaginary part I Br(G) with respect to the involutionτ : Br(G) −→ Br(G) of Lemma 4.7 is isomorphic to Br(G/ τ ) (afer inverting 2), and then we will apply [23, Lemma 1.4] .
Assume (A, α) ∈ BrR(G) is such thatτ (A) = −A. Then thanks to Corollary 3.10, there exists a Rg Hilbert G-bundle (Ĥ , U ) and an isomorphism of Rg D-D bundles
We then obtain a Rg
with projection p τ : A/ τ −→ X/ τ given by
Next define the map
This definition does not depend on the choice of (Ĥ , U ), for if (
we get
Hence, by Corollary 3.10 and Remark 4.8 we see that A/ τ = A ′ / τ in Br(G/ τ ). Ψ τ is a group homomorphism by commutativity of the graded tensor product.
Conversely, denote by
A and so that a graded Hilbert G-bundleĤ such that relation (13) holds for the graded complex D-D bundle (π * τ A, π * τ α) is the trivial one X × C −→ X. This shows that Ψ τ • π * τ = Id. Also, one clearly has π * τ • Ψ τ = Id, which gives the isomorphism I Br(G) ∼ = Br(G/ τ ). From Lemma 4.7, we obtain the desired isomorphism (11).
2. We always have A + A = 0 in BrR(G) for all (A, α) ∈ BrR(G). Moreover, we have already seen in the end of the proof of Lemma 4.7 that the Real structure of A induces an
Furthermore, τ being trivial, each fibre of A is in fact a Rg elementary C * -algebra, and then the complexification of a graded real elementary C * -algebra. (A, α) is then the complexification of a graded real D-D bundle over G. Conversely, every complexification (A C , α C ) of a graded real D-D bundle (A, α) over G is a Rg D-D bundle whose Real structure is carried out by C; i.e. a ⊗ R λ := a ⊗ Rλ for a ⊗ R λ ∈ A x ⊗ R C. This process is easily seen to provide an isomorphism BrR(G) ∼ = BrO(G).
Observe that any Rg D-D bundle (A, α) can also be considered as a graded real D-D bundle (A real , α real ) by forgetting the complex structure of the fibers. Moreover, the conjugate bundle of real C * -algebras (A real , α real ) identifies to itself. Hence, if the involution τ of G is fixed point free, we have τ * A real = τ * A real ∼ = A real , which means that (A real , α real ) is a bundle of graded real elementary C * -algebras over the quotient groupoid G/ τ / / / / X/ τ . We therefore have the Proposition 4.9. Suppose G / / / / X is endowed with a fixed point free involution τ . Then there is a group homomorphism
obtained by "forgetting the complex structures" of Rg graded D-D bundles over G.
Remark 4.10. Beware that Ψ real is not injective; indeed Ψ real (A) = Ψ real (A) for all A ∈ BrR(G), while in general A = A in BrR(G).
Elementary involutive triples and types of Rg D-D bundles
In this section we define the type of a Rg D-D bundle over a Real groupoid. We start by introducing some notions.
Definition 5.1. An elementary involutive triple (K,K − , t) consists of a graded elementary C * -algebraK, a graded C * -algebraK − isomorphic to the conjugate C * -algebra ofK, and a conjugate linear isomorphism t :K −→K − of graded C * -algebra. Such triple will be represented by the map t. Denote byK the collection of all elementary involutive triples.
A morphism from t to t ′ is the data of homomorphisms of graded C * -algebras ϕ :K −→K ′ , and ϕ − :K − −→K ′− such that the following diagram commuteŝ
Finally, we define the sum inK by:
Example 5.2. The Real structure "bar" of K 0 induces an isomorphism of K 0 into its conjugate algebra. We then have an elementary involutive triple t 0 = ( K 0 , K 0 , bar).
Definition and Lemma 5.3. Two elements t, t ′ ∈K are said to be stably isomorphic if and only if t + t 0 is isomorphic to t ′ + t 0 ; in this case, we write t ∼ = s t ′ . The set of stable isomorphism classes of elements ofK forms an abelian group InvK under the sum defined above. The inverse of t in InvK is the stable isomorphisms class of
The class of t in InvK will also be denoted by t.
Proof. It is straightforward that t + t ′ = t ′ + t in InvK. Moreover, we have
We can recover the group BrR( * ) from InvK. More precisely, suppose t = −t, and
is an isomorphism. Then, ϕ ′ • (t⊗bar) = (t −1⊗ bar) • ϕ is a Real structure on the graded elementary C * -algebraK⊗K(Ĥ). Moreover, if (ϕ 0 , ϕ ′ 0 ) is another isomorphism, it is easy to check that ϕ ′ •(t⊗bar) and ϕ ′ 0 •(t⊗bar) are conjugate, hence define the same element of BrR( * ). Conversely, any Real graded elementary C * -algebra is obviously a 2-torsion of InvK. We then have proved the following Lemma 5.4. The group BrR( * ) is isomorphic to the subgroup of InvK of elements of order 2. Now let us return to the study of Rg D-D bundles over Real groupoids. Proposition 5.5. Let (A, α) ∈ BrR(G). Then each fiber A x gives rise to an element t A x ∈ InvK, and the family t A := (t A x ) x∈X defines a cohomology class inȞR 0 (G • , InvK). This process defines a group homomorphism t :
which is surjective.
Proof. Denote by τ the Real structure of A. Over all x ∈ X, there is a conjugate linear isomorphism of graded C * -algebras τ x : A x −→ Ax. Then the graded elementary (complex) C * -algebras A x and Ax are of the same parity. Let (U, ϕ) be a local trivialization of the graded elementary complex C * -bundle A such that U = (U i ) is a Real open cover of X. Then the isomorphisms ϕ i :
, is an element of InvK, and the assignment X ∋ x −→ t x ∈ InvK is a locally constant G-invariant Real function. Indeed, the G-invariance (i.e. t r(g) = t s(g) in InvK for all g ∈ G) comes from the commutative diagram
Moreover, since τ is a continuous function, t A : X ∋ x −→ t x ∈ InvK is locally constant. Hence
That tĀ = −t A and t A+B = t A + t B is clear from the definition of the sum and the inverse in InvK, and from the definition of the conjugate bundle and the tensor product of Rg D-D bundles. Observe that from the construction of
we have (thanks to Lemma 3.8 and Lemma 3.10) A +B + K G = K(Ĥ G⊗XĤ ) = 0; hence t A−B = t A − t B = 0, which shows that t : BrR(G) −→ȞR 0 (G • , InvK) is group homomorphism. It is surjective since for all t ∈ȞR 0 (G • , InvK),
equipped with the obvious involution and G-action, defines a Rg D-D bundle over G. 
We have the following easy result which shows that the study of BrR(G) reduces to that of Rg D-D bundles of type 0. Proposition 5.9. Let G / / / / X be as usual. Then BrR 0 (G) is a subgroup of BrR(G). Furthermore, the sequences of groups
where ι 0 is the inclusion homomorphism, are split-exact. Therefore, we have two isomorphisms of abelian groups
Proof. We only prove the first sequence, from which we deduce the second one. It is clear that t • ι 0 = 0 and ι 0 is an injective homomorphism. We also proved in Proposition 5.5 that t was surjective. To show the sequence splits, we only have to verify that the correspondence t −→ K G,t , where K G,t −→ X is the Rg D-D bundle given by (16) defines a group homomorphismȞR 0 (G • , InvK) −→ BrR(G). This is immediate from construction: we have
, and a routine verification shows that any isomorphism t
Also from the definition of −t, we have
Finally it is obvious that K G,t is of type t.
Generalized classifying morphisms
In Remark 6.2. Note that
The Real G-action by automorphisms is given by the Real (left) G-action on P .
Before going on the study of generalized classifying morphisms, we shall say something about generalized Real homomorphisms G −→ PU(Ĥ). First of all, recall from [23, Remark 2.50] that although the Real group PU(Ĥ) is not abelian, it still is possible to define Real PU(Ĥ)-valueď Cech 1-cocycles over any Real groupoid G, hence form the setȞR 1 (G • , PU(Ĥ)), and we have a set-theoretic bijection betweenȞR 1 (G • , PU(Ĥ)) and Hom RG (G, PU(Ĥ)).
What's more, when identified with Hom RG Ω (G, PU(Ĥ)), the set Hom RG (G, PU(Ĥ)) admits the structure of abelian monoid defined as follows. Fix an isomorphism
of Rg Hilbert spaces. Then the map
is a Real a homeomorphism, where the unitary u 1⊗ u 2 is given onĤ⊗Ĥ by 
becomes a well defined strict Real homomorphism. Therefore we have:
Definition and Lemma 6.3.
We define the sum
where P 1 ⊗ P 2 is the generalized homomorphism from G / / / / X to PU(Ĥ) 
Similarly the corresponding operation in Hom RG (G, U 0 (Ĥ)) is denoted additively.
We list some simple properties for generalized classifying morphisms. Proposition 6.5. If P 1 and P 2 are generalized classifying morphisms for (A 1 , α 1 ) and (A 2 , α 2 ), respectively, then P 1 ⊗ P 2 is a generalized classifying morphism for the Rg tensor product (A 1⊗X A 2 , α 1⊗ α 2 ). 
We thus have reduced the proposition to show that
where Y = i∈I U i . But this is clear by using functorial property of BrR(·) in the category RG s and the isomorphism of Rg D-D bundles (
Proof. This is a consequence of the cofunctorial property of BrR(·) in the category RG: i.e.
Rg D-D bundles over G. P 1 −→ X and P 2 −→ X being PU(Ĥ)-principal bundles, it follows from the theory of principal bundles (see for instance Husemöller [13, §4.6]) that there exists an isomorphism of PU(Ĥ)-principal bundles f :
f is thus an isomorphism of generalized Real homomorphisms
From Proposition 6.7 we deduce, among other things, the following Corollary 6.8. If there exists a generalized classifying morphism for (A, α) ∈ BrR(G), then it is unique up to isomorphism of generalized Real homomorphisms.
The existence of generalized classifying morphisms is the content of the nex section.
Construction of P
It is known [30] that graded complex D-D bundles are, in some sense, classified by the groupoid
PU(Ĥ)
/ / / / · ; i.e. giving a graded complex D-D bundle A over G is equivalent to giving a generalized morphism P ∈ Hom G (G, PU(Ĥ)), where G is the category of topological groupoids and isomorphism classes of generalized morphisms. In view of the isomorphism established in Lemma 4.7, it is natural to expect a similar correspondence in the category of Real spaces. We show that the G-equivariant PU(Ĥ)-principal bundle associated to a Rg D-D bundle admits a natural involution turning it into an element in Hom RG (G, PU(Ĥ)), where the Real groupoid
/ / / / · is given the compact-open topology (which is equivalent to the * -strong operator topology) and the usual involution Ad J 0,R .
A Rg D-D bundle (A, α) ∈ BrR(G) being of type 0 means that the fibres A x are isomorphic to the graded complex elementary C * -algebra K ev = K(Ĥ), and there is a Real local trivialization (U j , ϕ j ) j∈J with commutative diagrams
and a Real family of continuous function a ij : U ij −→ Aut (0) ( K 0 ) = PU(Ĥ), over every nonempty intersection U ij = U i ∩ U j , such that the homeomorphism
sends (x, T ) to (x, a ij (x)T ). Notice that (a ij ) ∈ ZR 1 (U, PU(Ĥ)). We then obtain the "Real" analog of the well known Dixmier-Douady class (see [7] , [26] j 0 ,j 1 ) ) of G by setting U 1 (j 0 ,j 1 ) = {g ∈ G | r(g) ∈ U j 0 , s(g) ∈ U j 1 }. Using the isomorphism of Rg C * -bundles s * A −→ r * A over G induced by the Real Gaction α and the commutative diagram (20) , there is a Real family of continuous functions
where
of the isomorphisms h j 0 : r * A |U 1
. It is easy to verify that µ A = (µ (j 0 ,j 1 ) ) is a Real 1-coboundary. We are going to show that the generalized Real homomorphism corresponding to the class of µ A inȞR 1 (G • , PU(Ĥ)) is actually a classifying generalized morphism for (A, α). We first need some further constructions. For x ∈ X, let P x := Isom (0) ( K 0 , A x ). Put
For g ∈ G and p = (s(g), ϕ) ∈ P s(g) , the G-action α of A provides the element g · p ∈ P r(g) given by g · p := (r(g), α g • ϕ).
We wish to define a topology on P such that not only the canonical projection P ∋ (x, ϕ) −→ x ∈ X is continuous but also the formula (23) defines a continuous action of G on P with respect to the projection just given. To do so, we first consider the pull-backs s * P −→ G and r * P −→ G of P −→ X along the range and source maps. Then we look at the fibered-product s * P × G r * P −→ G. Lemma 7.1. The G-action α of A induces a (set-theoretical) embedding
It is straightforward to see that the correspondence
is a well-defined injection map.
Definition 7.2. Let (A, α) ∈ BrR(G) of type 0, and let P be given by (22) . Let the space s * P × G r * P be given the topology induced from the product topology of G × PU(Ĥ) via the embedding of Lemma 7.1. Then we endow P with the topology induced from the embedding
In this way, P is looked at as a subspace of G × PU(Ĥ).
From this definition, it is obvious that the projection P −→ X is an open continuous map with respect to which the formula (23) defines a continuous G-action on P . Moreover, P is a Real G-space with respect to the involution P ∋ (x, ϕ) −→ (x,φ), where for ϕ ∈ Isom (0) ( K 0 , A x ), the isomorphismφ is defined byφ(T ) := ϕ(T ) for all T ∈ K 0 . Proposition 7.3. Let u ∈ U(Ĥ) and [u] its class in the group PU(Ĥ). For ϕ ∈ P x we put ϕ · [u] := ϕ • Ad u ∈ P x . Then the map P ∋ (x, ϕ) −→ (x, ϕ · [u]) ∈ P defines a principal Real PU(Ĥ)-action on P compatible with the G-action with respect to the projection P −→ X. In other words, we have a generalized Real homomorphism
Proof. The continuity of the map PU(Ĥ)
) ∈ P is a direct consequence of the construction of the topology of P . It respects the Real structures since for all
It only remains to check that the PU(Ĥ)-action is principal (cf. [23, §1.2])
, which is clear since the map P × PU(Ĥ) −→ P × X P given by
has inverse given by ((x, ϕ), (x, ψ)) −→ ((x, ϕ), ϕ −1 • ψ). Proposition 7.4. The class of [P ] ∈ Hom RG (G, PU(Ĥ)) inȞR 1 (G • , PU(Ĥ)) is µ A , the latter being given by (21).
Proof. The Real local trivialization (U j , h j ) of (20) gives rise to a Real family of local sections
, hence g · s j 1 (s(g)) = s j 0 (r(g)) · µ (j 0 ,j 1 ) , which proves the result. / / X admits a generalized classifying morphism P(A). Furthermore, the assignment
induces a well defined surjective homomorphism of abelian monoids
Proof. Let P : G −→ PU(Ĥ) be the generalized Real homomorphism defined above (cf (22)). Then the family of fibrewise maps
is clearly an isomorphism of Rg D-D bundles over G. Therefore, P : G −→ PU(Ĥ) is a generalized classifying morphism for (A, α). The uniqueness of P is guaranteed by Corollary 6.8.
The map A is well defined since an isomorphism of generalized Real homomorphisms P ∼ = P ′ obviously induces an isomorphism between the associated Rg D-D bundles. It is a homomorphism of abelian monoids, for if [P ], [P ′ ] ∈ Hom RG (G, PU(Ĥ)) then, thanks to Proposition 6.5 and the uniqueness of the generalized classifying morphism, P ⊗ P ′ is a generalized classifying morphism for A([P ])⊗ X A([P ′ ]) and for A([P ] + [P ′ ]) at the same time; so that
BrR 0 (G). The surjectivity of A is a consequence of the existence of the generalized classifying morphism we just proved.
Remark 7.6. Let X be a locally compact Hausdorff space. Recall that Atiyah and Segal defined the monoid Proj ± (X) to be the set of infinite dimensional projective graded complex Hilbert space bundles on X (see in [3, pp.11-12] ) subjected to the operation of graded tensor products, and showed that as a set, Proj
Note that if X is endowed with a Real structure τ , then Hom R G(X, PU(Ĥ)) is nothing but the Real analog of Proj ± (X). We thus may expect to have a similar result as in the complex case; this will be discussed in the next sections.
Intermediate isomorphism theorem
Consider once again the abelian monoids Hom RG (G, U 0 (Ĥ)) and Hom RG (G, PU(Ĥ)). There is a canonical monomorphism
induced by the canonical Real projection U 0 (Ĥ) −→ PU(Ĥ); i.e., if U :
generalized Real homomorphism, then we obtain a generalized Real homomorphism
Define an equivalence relation in Hom RG (G, PU(Ĥ)) by saying that P 1 , P 2 : G −→ PU(Ĥ) are stably isomorphic if there exists a trivial generalized Real homomorphism Q such that
In that case we write [ 
ξ] j denotes the class inĤ of (x, ξ) ∈ U j ×Ĥ, we define the Real structure [x, ξ] j −→ [x,ξ]j (where as usual the "bar" inĤ is the Real structure J 0,R ), and the projection π :
By construction, we see that pr • U = U × U 0 (Ĥ) K 0 is a generalized classifying morphism for (K(Ĥ ), Ad U ) and that the class µ K(Ĥ ) (recall (21) 
The proof is based on the following lemma.
Lemma 8.5. (Compare [30] ). The sequence of abelian monoids
is exact.
Proof. We have already seen that pr was a monomorphism of abelian monoids, and A was an epimorphism of abelian monoids. It then remains to show that ker A = Im(pr). the quotient monoid is then an abelian group. Moreover, from the exact sequence (27) we deduce an isomorphism of abelian monoids
such that P(A) is the class in Hom RG (G, PU(Ĥ)) st of the generalized classifying morphism P of (A, α). Furthermore, by definition of the inverse in Hom RG (G, PU(Ĥ)) st , we see that this isomorphism respects the inversion; it therefore is an isomorphism of abelian groups, this completes the proof.
Example: case of a Real group
Here we apply the observations of the previous sections to compute the Rg Brauer group of a locally compact Real group G
Real group, and if S is a Real group, then Hom RG (G, S) identifies with the set Hom(G, S) R of continuous Real group homomorphisms from G to S. In particular
For instance, if G is given the trivial Real structure, then
Moreover, a Rg D-D bundle over G / /
/ / · is obviously of constant type since it is given by a Real bundle over the point together with a Real action of G; so BrR(G) = BrR * (G). It is convenient to write BrR G ( * ) instead of BrR(G) since it is exactly the Rg Brauer group of the point with the trivial Real G-action. Similarly, we write BrO G ( * ) and Br G ( * ). Now, applying Proposition 5.9 and Theorem 8.4 to G, we get Proposition 9.1. Let G be a locally compact Real group. Then
The main isomorphisms
The purpose of this section is to prove the following theorem. Theorem 10.1. Let G / / / / X be a locally compact Hausdorff second-countable Real groupoid with Real Haar system. Then
We first deduce a generalization of Donovan-Karoubi's isomorphism (9):
/ / X be a groupoid with paracompact unit space and Haar system. Then
Proof. This follows from Theorem 4.6 2), Theorem 10.1, and the fact that when G is given the trivial involution,ȞR n (
The proof of Theorem 10.1 is divided into several steps that mainly consist of constructing an isomorphism Hom RG (G, PU(Ĥ)) st ∼ = ExtR(G, S 1 ).
Let us consider the following "generic" Rg S 1 -central extension E K 0 of the Real groupoid
where ∂( [u] ) is the degree of the homogeneous unitary u.
/ / X be a Real groupoid and let P : G −→ PU(Ĥ) be a generalized Real homomorphism. Then we get a Rg S 1 -central extension P * E K 0 of G by pulling back E K 0 via P (see [23, §1] ).
Lemma 10.3. The assignment P −→ P * E K 0 induces a well defined homomorphism of Abelian monoids
Proof. Assume P ∼ = P ′ are isomorphic generalized Real homomorphisms from G to PU(Ĥ). As usual, we may assume that P and P ′ are represented in Hom RG Ω (G, PU(Ĥ)) (see [23, §1] ) on the same Real open cover U of X by two Real strict homomorphisms f :
, respectively. The pull-backs P * E K 0 and (P ′ ) * E K 0 are then Morita equivalent to
respectively, where in both cases, the projection is the canonical one onto the second factor. Since P ∼ = P ′ , there is an isomorphism of Real groupoids φ :
Therefore, the map
Let us check that T is a homomorphism. 
is easily checked to define an isomorphism of Rg S 1 -central extensions
, and we are done. S 1 ) . Therefore, T induces a homomorphism of abelian groups
also denoted by T .
Proof. Since T ([P ]) depends only on the isomorphism class of P , it suffices to suppose P = pr•U for some generalized Real homomorphism 
is a well defined section of the projection of (p * PU(Ĥ), G[U], ∂ • p); the latter is then a strictly trivial Rg S 1 -twist (cf. [23] ). Therefore, P * E K 0 is a trivial Rg S 1 -central extension of G.
At this point, we are following closely [31, §2.6] to construct a homomorphism P ′ in the other direction; and then we will show that T and P ′ are inverses of each other.
Let y is the one induced by δ; i.e.,
where γ ∈ Γ is such that π(γ) = γ. Let
where, as usual H = l 2 (N) is the generic separable infinite dimensional Hilbert space, endowed with the Real structure J R given by the complex conjugation with respect to the canonical basis. Then the countably generated continuous field of infinite dimensional graded Hilbert spacesH Γ −→ Y , is a locally trivial graded Hilbert bundle, and hence trivial thanks to [7, Théorème 5] . By identifying H Γ,y with the space
we define the Real structure onH Γ by
whereξ(γ) := ξ(γ) for allγ ∈ Γȳ. Together with this involution,H Γ is clearly a Rg Hilbert bundle over Y . 
whereγ ∈ Γ γ is any lift of γ with respect to the projection Γ −→ Γ. It is easy to verify that with respect to this well defined Real action, PÛ Γ is a Real PU(Ĥ)-principal bundle over the Real groupoid Γ / / / / Y , in other words, it is a generalized Real homomorphism from Γ to
gives us the generalized Real homomorphism
Remark 10.6. Notice that the Real Γ-action on PÛ Γ is induced by the Real Γ-action onÛ
Proof. This is a consequence of [31, Lemma 2.39].
Lemma 10.8. Assume E 1 and E 2 are Morita equivalent Rg S 1 -central extensions of G. Then
Proof. A Morita equivalence Γ ∼ Z G induces an isomorphism of abelian monoids
given by
. Now if Z is a Morita equivalence from E 1 and E 2 , then under the notations of Lemma 10.7, the commutative diagram of generalized Real homomorphisms
induces a commutative diagram of abelian monoids
Lemma 10.9. The assignment E −→ P E induces group homomorphism
Proof. The second statement follows from [31, Proposition 2.38].
For the first statement, we shall check first that [P E] is trivial for E trivial. But, thanks to the previous lemma, it suffices to show that P E 0 comes from a generalized Real homomorphism
, which implies in particular that there is a canonical Real graded G-action on the Real (trivially) graded Hilbert bundle H G×S 1 .
Let
. For the sake of simplicity, we shall assume E 1 and E 2 are represented by Rg S 1 -twists ( Γ 1 , Γ, δ 1 ) and ( Γ 2 , Γ, δ 2 ) over the same Real groupoid Γ / / / / Y Morita equivalent to G. Let µ i be a Real Haar system of Γ i , i = 1, 2. Then Γ 1⊗ Γ 2 is equipped with the Real Haar system µ 1 × S 1 µ 2 , and Γ is equipped with the image of the later (here µ 1 × S 1 µ 2 is meant to say the product measure is invariant under the diagonal action by S 1 ). For y ∈ Y , we denote by C c ( Γ
Cc(Γ y ) C c ( Γ 2 ; H) S 1 the completion, with respect to the inductive limit topology in C c ( Γ
, and where
where the Real Γ-action is induced by the Real Γ-action on the Rg Hilbert Γ-
, with (γ ·ξ)(h) := ξ(γ −1 h) for every h ∈ Γ r(γ) (note that the grading ofH (Γ) is carried by L 2 (Γ y ) and is given by (
as follows: given ξ ∈Ĥ, we write
Lemma 10.10. We have P ′ • T = Id; consequently, we have a group isomorphism
Proof. In view of Lemma 10.9, we only have to verify that
֒→ G is the canonical Real inclusion and P ′ is (isomorphic to) the generalized Real homomorphism induced from the strict Real homomorphism p : 
where the operation in the semi-direct product is (δ, ω)
Therefore, by Theorem 8.4 and Lemma 10.10: we have an isomorphism
The result then follows from 5.9. 
Oriented Rg D-D bundles
Remark 11.5. We shall note that the above result generalizes Rosenberg classification of real continuous-trace algebras given in [27] . Indeed, let (X, τ ) be a compact Real space. Then BrR Appendix A. Rg C * -algebras
Recall that a complexification of a real Banach space (E, . ) is a complex Banach space (E C , . c ) such that E C = E + iE as a complex linear space, the norm . c restricts to . on E, and η + iξ = η − iξ for all η, ξ ∈ E (i.e., E C = E ⊗ R C). Moreover, for any real Banach space E , there is a unique (up to equivalence) complexification of it. We refer to [18] for a general theory of real Banach spaces and real Banach ( * -)algebras. In this way, any real Banach ( * -)algebra A is associated to a complex Banach ( * -)algebra A C = A ⊗ R C. In particular, if A is a real C * -algebra (see [29, chap.1] for the definition of real C * -algebra), then A C admits a structure of a complex C * -algebra. It is however natural to ask the following question Question A.1. Let B be a complex C * -algebra. Does there exist a closed real C * -subalgebra B r of B such that B ∼ = B r ⊗ R C?
Although it was mentioned in [18] that this question reminds open, the answer is in fact "no". Indeed, as we will see later, the existence of B r is equivalent to the existence of a conjugatelinear involution on B, which is also equivalent to B being isomorphic to its conjugate algebra via a 2-periodic isomorphism). But such an involution induces an involutory anti-automorphism ϕ : B −→ B (i.e. ϕ verifies ϕ(ab) = ϕ(b)ϕ(a), ∀a, b ∈ B and ϕ 2 = 1). On the other hand, A. Connes [5] and T. Giordano [11] have constructed examples of von Neumann algebras that are not anti-isomorphic to themselves. Recently, other explicite examples of C * -algebras not isomorphic to their conjugate algebras have been constructed (see N.C. Phillips [21] , and N.C. Phillips and M.G. Viola [22] ).
We should however point out that being anti-isomorphic to itself is not sufficient for a C * -algebra B to admit a conjugate-linear involution, as it was proved by V. Jones in [14] .
In this section we are concerned with those (C * -)algebras that for which Question A.1 has a positive answer. Definition A.2. A Real (Z 2 )-graded C * -algebra consists of a C * -algebra A together with (i) an involutive * -homomorphism α : A −→ A with α 2 = 1; α is called the grading;
(ii) an involutive * -automorphism σ A : A −→ A which is antilinear, such that σ 2 A = 1, and
We will say that A is a Rg C * -algebra, for short.
We will often write (A, σ A ) for such a Rg C * -algebra and we decompose A as a the direct sum A = A 0 ⊕ A 1 where A 0 = Ker(
1−α
2 ) and A 1 = Ker( 1+α 2 ). We write |a| for the degree of an element a ∈ A. However, it is easy to see that A 0 is a C * -subalgebra of A while A 1 is not.
An element a ∈ A is called homogeneous of degree i, for i = 0, 1 mod 2 , if a ∈ A i . a is said to be invariant if it is of degree 0 and σ A (a) = a.
Example A.3. Let A = A 0 ⊕ A 1 be a graded real C * -algebra. Then its complexification A C is also graded. Indeed, we have A C = A 0 C ⊕ A 1 C . Now the bar operation − : A C −→ A C given by a + ib := a − ib defines a Real structure on A C . For instance, any real C * -algebra A gives rise to a Rg C * -algebra by taking A 1 = 0.
Example A.4. Given a real C * -algebra A, the direct sum A ⊕ A admits a canonical grading given by (a,
This induces a grading on the complex C * -algebra A C ⊕ A C which becomes a Real graded C * -algebra. This grading is called the standard odd grading. In particular, the complex Clifford algebra Cl 1 = C ⊕ C is a Rg C * -algebra with its canonical Real structure given by the complex conjugation.
Definition A.5. Let (A, σ A ) and (B, σ B ) be Rg C * -algebras. A Real graded homomorphism between A and B is a homomorphism of C * -algebras ϕ : A −→ B that intertwines the Real structures and the gradings.
In particular, we say that (A, σ A ) and (B, σ B ) are isomorphic as Rg C * -algebras, and we write (A, σ A ) ∼ = (B, σ B ), if there exists a Rg isomorphism between them.
If (A, σ A ) is a Rg C * -algebra, then the multiplier algebra M(A) has also a structure of Real graded C * -algebra. Indeed, if ǫ is the grading on A and (T 1 , T 2 ) ∈ M(A), we put Ad ǫ (T 1 , T 2 ) := (ǫT 1 ǫ, ǫT 2 ǫ) and it is easy to see that this defines a grading on M(A) with M(A) ( 
; moreover the Real structure is given by
A subspace B of A is Real graded if it is invariant under σ A and if it is the direct sum of the intersections B ∩ A i (or equivalently, if it is invariant under the grading of A). For instance, it is easy to check that the center of any Rg C * -algebra is Rg.
Le I be a Real graded ideal in (A, σ). Let Mainly speaking, a Rg C * -algebra is just a graded C * -algebra which is the complexification of a graded real C * -algebra, together with the bar operation. This justifies the terminology of Real.
Proof. Put A R := {a ∈ A | σ A (a) = a}. Then A R is a real graded C * -algebra. Moreover, it is very easy to check that the map
) extends to an isomorphism of complex C * -algebras intertwining the Real structures and the gradings.
Remark A.7. Similarly, we will call Rg Banach space any complex graded Banach space which is the complexification of a Banach space over R.
Example A.8. Let (X, τ ) be a (Hausdorff and locally compact) Real space. Then τ induces a Real structure, also denoted by τ , on the C * -algebra C 0 (X) of complex values functions on X vanishing at infinity, given by τ (f )(x) = f (τ (x)), for f ∈ C 0 (X), x ∈ X. Therefore, from Lemma A.6 we have (C 0 (X), τ ) ∼ = (C 0 (X, τ ) ⊗ R C, − ) where C 0 (X, τ ) := {f ∈ C 0 (X) |f (τ (x)) = f (x), ∀x ∈ X} is the real C * -algebra of invariant elements of (C 0 (X), τ ).
We must also say something about the tensor product of two Real graded C * -algebras. This paragraph is a direct adaptation of [20] to the Real case. Let (A, σ) be a Real graded C * -algebra. A Real graded linear functional on A is a linear functional f : A −→ C such that f | A 1 = 0 and f (σ(a)) = f (a) for all a ∈ A. A Real graded state on A is a positive linear functional s on A such that s = 1. Suppose that (A, σ) and (B, ς) are separable, Real graded C * -algebras, then (A⊙B, σ⊙ς) denotes the algebraic Real graded tensor product of A and B, where elements are graded be |a⊙b| = |a| + |b|, and the Real structure is given by σ⊙ς(a⊙b) := σ(a)⊙ς(b). The product and involutions are defined by
Now if s and t are Real graded states on A and B respectively, let
Then s⊙t is a Real graded state on A⊙B. We define a C * -norm on A⊙B by c := sup
where the supremum is taken over all Real graded states s on A, t on B, and over all d ∈ A⊙B with (s⊙t)(d * d) = 0. The completion of A⊙B with respect to this norm is graded C * -algebra denoted by A⊗B; moreover, σ⊙ς extends to a Real involution on A⊗B which gives a Real graded C * -algebra (A⊗B, σ⊗ς) called the (Real graded) tensor product of (A, σ) and (B, ς).
A.1. Elementary Rg C * -algebras. We are interested in the study of Real structures on graded C * -algebras of compact operators.
Definition A.9. A complex graded C * -algebra A is called elementary of parity 0 (resp. of parity 1) if it isomorphic as a graded C * -algebra to K(Ĥ) (resp. to K(H) ⊕ K(H)), whereĤ (resp. H) is a complex graded Hilbert space (resp. a complex Hilbert space), and
is equipped with the standard odd grading. For the sake of simplicity, we assume in what follows that H is a complex separable infinitedimensional Hilbert space. Then, by choosing an isomorphism H ∼ = H ⊕ H, we have a complex graded Hilbert spaceĤ := H ⊕ H = (H ⊕ H) 0 ⊕ (H ⊕ H) 1 , where the grading is given by (x, y) −→ (y, x). We thus obtain a complex graded elementary C * -algebra K ev := K(Ĥ) of parity 0 (here "ev " stands for even) whose grading automorphism is the unitary 0 1 1 0 . We also get a Real graded elementary C * -algebra K odd := K(H) ⊕ K(H) with the standard odd grading. The next subsections are aimed at describing the Real structures of K ev and K odd .
A.2. Real structures on K ev . Definition A.11. A Real structure (resp. quaternionic structure) on H is a homogenous anti-unitary J : H −→ H such that J 2 = 1 (resp. such that J 2 = −1). Real structures on H will be denoted as J R , or as J i,R , i = 0, 1 if we need to emphasize the degree i of J R . Similarly, quaternionic structures will be denoted as J H , or J i,H , i = 0, 1.
Given a Real structure J R : H −→ H, its (+1)-eigenspace H J R := {x ∈ H | J R (x) = x} (that we will also denote by H R if there is no risk of confusion) is a real graded separable infinitedimensional Hilbert space such that H ∼ = H J R ⊗ R C. Furthermore, there exists an orthonormal basis {e n } n∈N of H, unique up to conjugation with homogenous elements in the orthogonal group O( H J R ), such that J R is given by J R (x) := nx n e n for all x = n x n e n ∈ H. Writting J R in this form, we get the following straightforward lemma.
Lemma A.12. Let J R be as above. Define σ R :
as real graded C * -algebras. Now suppose J H : H −→ H is a quaternionic structure. Define the degree 0 operator I : H −→ H by Ix := ix. Then I 2 = −1, and IJ = −JI. Thus, we can define the operator K := IJ : H −→ H which has the same degree as J and is such that K 2 = −1 = IJK. It turns out that there exists a graded action of the quaternions H on H given by (i, x) −→ ix, (j, x) −→ jx := Jx, and (k, x) −→ kx := Kx = IJx, where {1, i, j, k} is the usual basis of the division ring H. Let H J H (or just H H if there is no risk of confusion) be the quaternionic graded Hilbert space, where the H-valued inner product is given by x, y H := x, y + x, Jy j if ·, · denotes the complex scalar product of H. Lemma A.13. Let J H be as above. Define σ H : K ev −→ K ev by σ H (T ) := −J H T J H . Then σ H is a Real structure on K ev such that ( K ev ) σ H is isomorphic, under a graded isomorphism, to the real graded C * -algebra K H ( H H ) of the compact H-linear operators on the quaternionic graded Hilbert space H H .
Proof. The only thing we need to show is the graded isomorphism. Suppose that T ∈ ( K ev ) σ H . Then, T J H = J H T , so that T extends uniquely to a compact H-linear operator T : H H −→ H H through the formula T (jx) := J H (T x) for x ∈ H. This provides a homomorphism of real graded C * -algebras (
Moreover, one has (T J H )x = T (J H x) = T (jx) = j T x = (J H T )x; hence, T J H = J H T , and then σ H (T ) = T . We then get a homomorphism of real graded C * -algebras
It is easy to check that these two homomorphisms are inverses of each other.
The following result classifies all the Real structures on K ev . Proposition A.14. Suppose that σ is a Real structure on K ev . Then, σ is either of the form σ R , or of the form σ H .
Proof. Choose an orthonormal basis {e n } of H, and for T ∈ K ev , define T ∈ K ev by T (x) := T (x), where if x = n x n e n , we setx := nx n e n . Then T = vT v, where v : H −→ H is the anti-unitary define by the complex conjugation with respect to the basis {e n }. Moreover, v 2 = 1. Now, defineσ ∈ Aut (0) ( K ev ) byσ(T ) := σ(T ). Then, there exists a homogeneous unitary u ∈ U( H) such thatσ = Ad u . Whence, σ(T ) =σ(T ) = uvT vu −1 = JT J −1 , where J := uv. Observe that J is a homogeneous anti-unitary since v is. Furthermore, for all T ∈ K ev , we have T = σ 2 (T ) = J 2 T (J −1 ) 2 ; therefore J 2 = ±1.
Definition A. 15 . We say that a Rg elementary C * -algebra (A, σ) of parity 0 is (of type) [0; ε, η], where ε = 0, 1, η = ±, if its Real structure is induced by an anti-unitary J of degree ε such that J 2 = η1. There is a canonical Real structure J R of degree 0 on the graded Hilbert space C ⊕ C given by the complex conjugation, and a canonical quaternionic Real structure of degree 0 J 0,H = iJ 0,R , which induce the same Real structure cl 0,2 on Cl 2 such that (Cl 2 ) σ R ∼ = (Cl 2 ) cl 0,2 ∼ = M 2 (R) ∼ = Cl 0,2 . In other words, Cl 2 is the complexification of the second real Clifford algebra Cl 0,2 (see [2] for more details on the real Clifford algebras Cl p,q ). However, Cl 2 is also the complexification of the quaternions H as follows. Define the quaternionic structure J 1,H : C ⊕ C −→ C ⊕ C of degree 1 by (x, y) −→ (ȳ, −x). The graded quaternionic Hilbert space obtained is H; the Real structure induced by J 1,H is denoted by cl 2,0 . Observe that (Cl 2 ) cl 2,0 = K H (H) = H ∼ = Cl 2,0 . Note that this Real structure is equivalent to that induced by the anti-unitary J 1,R (x, y) := (ȳ,x). These two Real structures will play a central role in the classification of elementary Rg C * -algebras in Section A.4.
A.3. Real structures on K odd . In this section we describe the Real structures on K odd . We start by some usefull observations. Suppose we are given a trivially graded C * -algebra A. Then, any Real structure σ on A defines the two different Real structures σ ⊕ σ and σ ⊕ (−σ) on the graded C * -algebra A ⊕ A (with the standard odd grading), resepctively given by (a, b) −→ (σ(a), σ(b)) and (a, b) −→ (σ(a), −σ(b)). Notice that the latter Real structure is equivalent to (a, b) −→ (σ(b), σ(a)). Furthermore, if we denote A R := A σ , then on the one hand, we get (A ⊕ A) σ⊕σ is the real graded C * -algebra A R ⊕ A R with the standard odd grading, and on the other hand, (A⊕A) σ⊕(−σ) = A R ⊕iA R is isomorphic to the real graded C * -algebra A real which is the underlying R-algebra of A. It is easy to see that the grading of A real is given by A 0 real = A R and A 1 real = iA R . Conversely, we have the following. (σ(a), σ(a) ). If (a i , a i ) −→ (a, a) ∈ (A ⊕ A) 0 , then (σ(a i ), σ(a i )) = τ + (a i , a i ) −→ τ + (a, a) = (σ(a), σ(a)), and then σ(a i ) −→ σ(a) in A. Furthermore, it is straightforward that σ(ab) = σ(a)σ(b), σ(λa) =λσ(a) for all λ ∈ C, a ∈ A, and that σ 2 = 1, so that σ is a Real structure on A. We summarize all the preceding discussions by the following result.
Definition and Proposition A.29. Denote by K 0 , the Rg elementary C * -algebra ( K ev , Ad J R ), where J R is the anti-unitary of degree 0 onĤ defined by (x, y) −→ (x,ȳ) (" − " is the complex conjugation with respect to an arbitrary orthonormal basis of H). Then K 0 is of type [0; 0, +].
Say that two Rg elementary C * -algebras A and B are stably isomorphic if A⊗ K 0 ∼ = B⊗ K 0 , as Rg C * -algebras.
Stable isomorphism classes of Rg elementary C * -algebras form an abelian group of order 8 under Rg tensor products, denoted by BrR( * ), and called the Rg Brauer group of the point. Table 1 , we set for all n ∈ N * :
Then K p⊗ K q ∼ = K p+q , and from the theorem, K n ∼ = K n+8 for all n ∈ N. Now, define K −n as the inverse of K n in BrR( * ). Then K −n = K 8−n Example A.31. (Cf. [29] ). One can determine the Real structures of the graded Clifford C * -algebras Cl n (recall Example A.10), for n ∈ N * , in the following way: decompose n into a sum p + q, and consider the Real space R p,q ⊗ R C, with the obvious involution; this latter induces a Real structure cl p,q on the graded C * -algebra Cl n = Cl(R p,q ⊗ R C), such that the Real part is isomorphic to the graded real Clifford algebra Cl p,q . For this reason, we denote the thus obtained Real graded C * -algebra by Cl p,q . Indeed, for every decomposition n = p + q, it is not hard to check that Cl p,q is a Rg elementary C * -algebra of type q −p mod 8 (see for instance [8] ).
